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Abstract 

Bipartite graph tiling was studied by Zhao [J who gave the best possible minimum degree 
conditions for a balanced bipartite graph on 2ms vertices to contain m vertex disjoint copies 
of Ks^s- Let s < t be fixed positive integers. Hladky and Schacht [3] gave minimum degree 
conditions for a balanced bipartite graph on 2m(s + t) vertices to contain m vertex disjoint 
copies of Ks.t- Their results were best possible, except in the case when m is odd and t > 2s + 1. 
We give the best possible minimum degree condition in this case. 

1 Introduction 

If G is a graph on n = sm vertices, H is a graph on s vertices and G contains m vertex disjoint 
copies of H, then we say G can be tiled with H. In this language, we state the seminal result of 
Hajnal and Szemeredi. 

Theorem 1.1 (Hajnal-Szemeredi [2]). Let G be a graph on n = sm vertices. If 6{G) > (s — i)m, 
then G can be tiled with Kg. 

For tiling with general H, results of Alon and Yuster [1] and Komlos, Sarkozy, and Szemeredi 
[1] gave sufficient conditions on the minimum degree of a graph G such that G can be tiled with 
H. Specifically, in [3], it is shown that if G is a graph on n vertices with minimum degree at least 
(1 — 1/xiH)) n + K for a constant K that only depends on if, then G can be tiled with H. A 
more delicate minimum degree condition that involves the so-called critical chromatic number of H 
was conjectured by Komlos and solved by Shokoufandeh and Zhao [6]. Finally, Kiihn and Osthus 
[5] determined exactly when the critical chromatic number or chromatic number is the appropriate 
parameter and thus settled the problem (for large graphs). 

In this paper we study the tiling problem in bipartite graphs. Denote a bipartite graph G with 
partition sets U and V by G[L'', y]. We say G[f7, is balanced if |^7| = \V\. Zhao proved the 
following Hajnal-Szemeredi type result for bipartite graphs. 
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Theorem 1.2 (Zhao [?])• For each s > 2, there exists mo such that the following holds for all 
m > mo . If G is a balanced bipartite graph on 2n = 2ms vertices with 



6{G)> 



{ 



^ + s — 1 if m is even 
^-2 if mis odd, 



then G can be tiled with Kg s- 

Zhao proved that this minimum degree condition was tight. 

Proposition 1.3 (Zhao 0). Let s > 2, and n = ms > 64s^. There exists a balanced bipartite 
graph, G, on 2n vertices with 



such that G cannot be tiled with Kg^s- 

Hladky and Schacht extended Zhao's result as foUows. 

Theorem 1.4 (Hladky-Schacht [3j). Let 1 < s < t be fixed integers. There exists mg such that the 
following holds for all m > mg. If G is a balanced bipartite graph on 2n = 2m{s + 1) vertices with 



then G can be tiled with Kg^- 

They proved that this minimum degree condition was tight in all cases except when m is odd 
and t > 2s + 1. Note that since we are dealing with balanced bipartite graphs, in any tiling of 
G[U, V] with Kg^t there must be an equal number of copies of Kg^t with s vertices in U as copies 
of Ks,t with t vertices in U. This explains why the authors [3] suppose 2n = 2m{s + 1) instead of 
2n = m{s + t). 

Proposition 1.5 (Hladky-Schacht [3]). Let 1 < s < t be fixed integers. There exists mo such that 
the following holds for all m > mo- There exists a balanced bipartite graph, G, on 2n = 2m(s + 1) 
vertices with 



such that G cannot be tiled with Kg^f 

Our objective is to give the tight minimum degree condition in the final remaining case, when 
m is odd and t > 2s + 1. We will do this in two parts. First in Section [2.31 we prove that when m 
is odd and t> 2s + 1, the following minimum degree condition is sufficient. 

Theorem 1.6. Let 1 < s < t be fixed integers with 2s + 1 < t. There exists mo such that the 
following holds for all odd m with m > mo. If G is a balanced bipartite graph on 2n = 2m{s + t) 
vertices with 



then G can be tiled with Kg t. 




if m is even 
if m is odd 





2 if m is odd and t < 2s + 1 
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Then in Section [3] we prove that the minimum degree condition in Theorem 11.61 is tight. 



Proposition 1.7. Let 1 < s < t be fixed integers with 2s + 1 < t. There exists itiq such that 
the following holds for all odd m with m > rriQ. There exists a balanced bipartite graph, G, on 
2n = 2m{s + t) vertices with 



such that G cannot be tiled with Kg^f 

Let m = 2k + 1 for some k £ N and let n = m{s + t). We note that when t = 2s + 1, 
^ _ 1 = (A; + l)(s + t)-l and ^^i|±^ -l = {k + l)(s + 1) - 1. So the value for the lower bound 
in Theorem 11.61 is smaller than the value for the lower bound in Theorem 11.41 when t = 2s + 1, 
but since 5{G) only takes integer values the minimum degree condition in Theorem 11.61 is not an 
improvement until t > 2s + 1. 



For disjoint sets A,B V{G), we define e{A,B) to be the number of edges with one end in A 
and the other end in B and for v € V{G) \ ^4 we write deg{v,A) instead of e{{v},A). Also, 
d{A,B) = ^^ylf, 5{A,B) = min{deg(t;, : v A} and A(yl,5) = max{deg(u,5) : v G A}. An 
h-star from A to B, is a copy of Ki f^ with the vertex of degree h, the center, in A and the vertices 
of degree 1, the leaves, in B. 

The following theorem appears in [7]. 

Theorem 2.1 (Zhao [7|). For every a > and every positive integer r, there exist /3 > and 
positive integer mi such that the following holds for all n = mr with m > mi. Given a bipartite 
graph G\U, V] with \U\ = \V\ = n, if 5{G) > — /3)n, then either G can be tiled with Kr^r, or there 
exist 



If a balanced bipartite graph G[C/, on 2n vertices with n divisible by r satisfies ([T]), we say 
G is extremal with parameter a. In this case we set U2 '■= U \U[ and := y \ V^'. 

If we replace r with s + i in Theorem 12. H we see that either G can be tiled with Ks+t,s+t or 
else we are in the extremal case. If it is the case that G can be tiled with Ks-\-t,s+t, we split each 
copy of Ks+t,s+t into two copies of Kg^t to give the desired tiling. So we must only deal with the 
extremal case. 

2.1 Pre-processing 

Claim 2.2. Let 0<a^l, rGN and let mi € N 6e given by Theorem \2.1\ Let m > mi and 

suppose that G\U, V] is a balanced bipartite graph on 2n = 2mr vertices such that 6{G) = ^ + G, 
where < C < 3r/2. Suppose further that the deletion of any edge ofG will cause the resulting graph 
to have minimum degree less than § + C. If G is extremal with parameter a, then d{U2, V() < 5y/a. 




2 Proof of Theorem 11.61 



U[ C U, V2 C V, such that \U[\ = jV^al = ln/2\ , d{U[, V^) < a. 



(1) 
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Proof. Let 7 := 5^/a and suppose d{U2,V() > 7. Let X' = {u e U2 : deg(M, Vg) < (1 - \/a)§}, 
Y' = {v £ V{ : deg{v,U{) < (1 - Since e([/{,T/2') < and e{U[,V) > |C/(|§, we have 

e{U[,V() > \U[\^ — a^. Thus we can bound the non-edges between U[ and V-[, 

2 

V^^\Y'\<e{U[X)<c^'^, 

which gives \Y'\ < Similarly we have \X'\ < ^af- Let = U^\X' and ¥{' = V{ \ ¥'. 

Since ii(C/2, F/) > 7, we have 

Let X" = {n G C/^' : deg(n, ¥{') > V^f + and Y" = {v e ¥{' : deg{v, U^) > V^f + 

If there is an edge uv £ E{X" ,Y"), then deg(ti), deg(y) > § + C + 1 which contradicts the edge 
minimality of G, so suppose e{X",Y") = 0. Finally, by ([2]) we have 

3V^^ < e([7^, O < e(X", y") + e{U^ \ X'\ V^) + e{V^ \ Y\ U^) < + 2(V^^ + C)^, 



which is a contradiction, since n is sufficiently large. 



□ 
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Let 1 < s < t be integers so that 2s + 1 < t, and let < a ^ 1 (setting a := y ^2t(s+t) 
is small enough). Let G[C/, be a balanced bipartite graph on 2n = 2m{s + t) vertices, where 
m = 2A: + 1 and fc is a sufficiently large integer with respect to (f )^. Suppose that G is extremal 
with parameter (^)^ and edge-minimal with respect to the condition d{G) > — 1. By Claim 
12.21 we have d{Ul, V^_^) < a for i = 1, 2. Then for i = 1, 2, we define 

1 Tl 1 71 

U, = {ueU: deg{u,V;^_i) < as-}, Vi = {v € V : deg{v,U!,_,) < as-}, 

Uq = U-Ui- U2, and Vo = V -Vi- V2. 
As a consequence of these definitions, we have the following. 
Claim 2.3. For i = l,2 

(i) (1 - a'/^)^ < < (1 + a2/3)^, (ii) iC/ol, \Vo\ < a'/'ri, 

(iii) {l-2a'/^)^<6iU„V,),6iV,,U,), (iv) {a'/' - a^/')^ < 6{Uo,V,),6iVo,Ui), 



(v) A{U,,V3-i),A{V3.,,U,) < 



n 



Proof. A proof of (i)-(iv) can be found in [7] and was also used in [3]. So we prove (v) here. 
Let i £ {1,2} and note that 



2 

m \ U^\a'/'- < e{Ul \ U,, VU < ^U) < «^ (3) 



and 



IK \ V.\a'/'^ < e{Vl \ Vi, UU < e(y/, UU < a^. (4) 
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Then ([3]) and (g]) imply 

m\U^\,\V,'\V,\<a'/'^, (5) 
which gives A{Ui,V3-i) < A{Ui,V^_,) + \V3-i \ V^_i\ < A{a,X-i) + iK' \ < "^^^^ and 

□ 

We need to define some new sets which were not specified in [7]. 
Definition 2.4. For i = 1,2, let 

Ui = {u€Ui: deg(u, T/g-*) > s}, = {v £ Vi : deg{v, U-s^i) > s}, 
Ui = U^\U^, andVi = Vi\V^. 

Note that the following inequalities are satisfied: 

5{Ui,VQ) + 5{U2,VQ)>n + 2,s-2-{\Vi\ + s-l)-{\V2\+s-l) = \Vo\+s and (6) 
5{Vi,Uo) + 5{V2,Uo)>n + 2,s-2-{\Ui\+s-l)-{\U2\+s-l) = \Uq\ + s. (7) 

2.2 Preliminary Claims 

The following useful lemma appears in [7]- 

Lemma 2.5 (Zhao [7], Fact 5.3). Let F[A,B] he a bipartite graph with 6 := 6{A,B) and A := 
A(B,A) Then F contains fh vertex disjoint h-stars from A to B, and vertex disjoint h-stars 
from B to A (the stars from A to B and those from B to A need not he disjoint), where 

^ {5-h + l)\A\ ^ 5\A\-{h-l)\B\ 

- hA + 5 -h + l' - A + M -h + l ' 

We now prove three claims that we will need in the main proof. 

Claim 2.6. Let i G {1,2} and {A,B} = {t/i,V3_i}. Let {) < c < a^/^n, Bq C B and Aq = {v e 
A : deg(w,i?o) > s + c}. Lf \ A()\ > j then there is a set Sa of at least vertex disjoint s-stars 

from Aq to Bq. 

Proof. Let Sa be a maximum set of vertex disjoint s-stars from ^0 to Bq and let fs = \Sa\- We 
apply LemmaESlto the graph G[Aq,Bq]. Recall, by ClaimESJ that A{B,A) < a^/^n. Then 

^ (c+l)|^o| ^ (c+l)f ^ c + 1 
~ sa^/^n + c + 1 ~ 2sa^/^n 8sa^/^ 

□ 

Note that since n = {2k + l)(s + 1), we can write 6{G) > - 1 = k{s + 1) + 2s + ^ - 1. 

Claim 2.7. Let i G {1, 2} and {A, B} = {Ui, Vs^i}. Let \A\ =k{s + t) + z and \B\ = k{s + t) + y. 
Suppose y > z and y > Then there is a set Sb of y vertex disjoint s-stars with centers Cb B 
and leaves La ^ A. Furthermore if z > 1, then there is a set Sa of z vertex disjoint s-stars from 
A\La to B\Cb. 
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Proof. Let /3 := 32sa^/^ and recall that by the choice of a we have j ^ f3 ^ 2a^^^. We show 
that the desired set 5^ exists by applying Lemma [23] to the graph G[A,B]. We have 6{A,B) > 
k{s + t) + 2s + ^-l-{n-\B\) = y + s- I - 1 and A{B,A) < a^/^n by ClaimESl Let = \Sb\, 
then 

^ jy- ^ + s- l){k{s + t) + z)-{s- l){k{s + t) + z + y-z) 
~ a^/^n + s(y - I + s - 1) - s + 1 

^ {y-^ms + t) + z)-{s-l)(y-z) 
a^l^n + s(y - I) + s2 - 2s + 1 

> JJ^ (since y < a^'^- and - a^/^- < z, by Claim [23]) 
2a^/'^n 2 2 

t + l 

> y (smce y > — - — and a ^ 1). 

Thus the desired set 5^ exists. 

Suppose z > 1. Let c := if y > 1//3, and let c := if y < 1//3. Let Bq = B \ Cb and 
Aq = {v e A \ La\ deg{v, Bq) > s + c} and A= {A\ La) \ Aq. Suppose that \A\ > ^. Then there 
exists u £ Cb such that if y < 1//3, 

y y 32 

and if y > 1//3, 

|Cb| y y 64 

each contradicting Claim[23] So|i| < f| and thus |ylo| > \A\-\La\-jq > k{s+t)-sa'^/^^-^ > f. 
Now let Sa be a maximum set of disjoint s-stars from to Bq and let fs = \Sa\- By Lemma 12.61 
we have fs > g^^i/a ■ Recall that 1 < z < y. If y > 1//3, then fs > ^q^^i/^ > z and if y < 1//3, then 
fs > > ^ > ^- So the desired set Sa exists. 

□ 



Claim 2.8. Suppose |J7o|)|^| ^ •s- If \Ui\ > |^72| ^ f fsee Definition \2.4\j , then there is a 

Ks^t ='■ with s vertices in Vq, \t/2] vertices in Ui and [t/2\ vertices in U2- Likewise, if\Vi\ > ^ 
and IV2I ^ § then there is a Ks^t ='■ with s vertices in Uq, [t/2] vertices in Vi and [t/2\ vertices 
in V2. 

Proof. Without loss of generality we will only prove the first statement. Let 

,._J\U2\\,(\{a'/'-a'/')n/2] 
~ \lt/2\)\ [t/2\ 

and recall that IC/2I < (1 + a^/^)'^ by Claim [23] Thus we have 

- \^(ai/3 _a2/3)| _ Lt/2jy - I (q,i/3 _ a2/3)n ) - I 2(ai/3 _ a2/3) ) ' 
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Case 1. \Vo\ > ^(r'Jj2l)/(^^"'^'ft/2r^"^^^)- ^^^call that 6{Vo,Ui) > {a^/^ - a^/^)n/2 for i = 1,2 by 
Claim and suppose that there is no with \t/2\ vertices in Ui and i vertices in Vq. We 

count the [t/2] -stars from Vq to Ui in two ways which gives 

rt/21 J \m) 

contradicting the lower bound for |Vo|. Consequently there is a complete bipartite graph K' = 
^\t/2\/ with \t/2\ vertices in C/i and £ vertices in Vq. If there is no -ft^[j/2j,s with s vertices in 
V{K') n Vq and \ t/2\ vertices in U2, then a similar counting argument gives 



\{ay^-a^r^)n/2\\^J\U, 



\tl2\ ) VLV2J 




contradicting the definition of I. 
Case 2. I^ol < ^(g^' )/( r^"^"";^^^^^^^^^ 



Let p := Vq), and note that p > s by (l6|). We claim that there is a complete bipartite graph 
K' := i^|"t/2],p with [t/2] vertices in Ui and p vertices in Vq. Let c be the number of p-stars with 
centers in C/i and leaves in Vq. We have c > \Ui\ > ^ and if no p-subset of Vq is in [t/2] of such 
stars, i.e. K' does not exist, we have c < ([i/2] — l)('p'') which contradicts the fact that |Vo| is 
0(1) and n is sufficiently large (with respect to a, t, and consequently |Vo|). From ^ we have 
6{U2, Vq) > \Vo\ — p+s, so every vertex u £ U2 has at least s neighbors in V{K')riVo. Repeating the 
argument above by counting s-stars with centers in U2 and leaves in V{K')nVo gives K" := Kg^^i/2\ ■ 
Now choose C K' U K" having the property that \Vo n V{K^)\ = s, n V{K^)\ = \t/2], and 
\U2 n V{K^)\ = [t/2\ as desired. □ 



2.3 Extremal Case 

Recall that t > 2s + 1, n = (2/c + l)(s + 1) for some sufficiently large A: G N, and 6{G) > - 1 = 
k{s + 1) + 2s + I — 1. We start with the partition given in Section [2.11 and we call Uq and Vq the 
exceptional sets. Let i £ {1,2}. We will attempt to update the partition by moving a constant 
number (depending only on t) of special vertices between Ui and U2, denote them by X, and 
special vertices between Vi and V2, denote them by Y, as well as partitioning the exceptional 
sets as Uq = Uq U Uq and Vq = Vq U V^. Let U^, U2, V{ and V2 be the resulting sets after 
moving the special vertices. Our goal is to obtain two graphs, Gi := G[Ui U Uq,V{ U Vq] and 
G2 := [[/| U U^, V^ U V^] so that Gi satisfies 

\U* LIU^\= ii{s + t) + as + bt, \V{ LlV^\= ii{s + t) + bs + at 

and G2 satisfies 

IC/2* U Uq \ = £2(3 + t) + bs + at, \V2 U Vq \ = £2(3 + t) + as + bt, 
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for some nonnegative integers a, b, £i, £2- We tile Gi as follows. We find a copies of Kg^t, each with 
t vertices in U^, so that each special vertex in X OU* is in a unique copy (some copies may not 
contain any special vertex). Also, we find b copies of Kg^t, each with t vertices in so that each 
special vertex in 1" n is in a unique copy (some copies may not contain any special vertex) . Note 
that we only move vertices which will make this step possible. Deleting these a + b copies of Ks^t 
from Gi gives us a balanced bipartite graph on 2^i(s+t) vertices. As noted in [7] and [3], this graph 
can easily be tiled: By Claim [2^3] there are at most a^/'^^ exceptional vertices in Uq (resp. Vq), 
each with degree at least (a^/^ — a^/^)^ to Vi (resp. Ui), so they may greedily be incorporated 
into unique copies of Ks+t,s+t- The remaining graph is still balanced, divisible by s + 1, and almost 
complete, thus can be tiled. 

So if we are able to split G into graphs Gi and G2 as detailed above, we will conclude that G 
can be tiled. However, if it is not possible to carry out this goal, then we will use an alternate 
method which is explained in Case 2. 

Proof of Theorem 1.6. There are two main cases. 

Case 1. max{|{7i|, |f/2|, |Vi|, I V2I} > k{s + t) + ^ii. Without loss of generality, suppose \Ui\ = 
max{|?7i|,|C/2|,|Fi|,|y2|}. 

Case 1.1. |y2UV'o| > k{s + t) + s. We apply ClaimOto G[Ui,V2] with ^ = V2 and 5 = Ui to 
obtain |?7i| — {k[s + t) + s) vertex disjoint s-stars with centers Cu C JJi and leaves in V2 and a set 
of max{0, IV2I — {k{s + t)+ s)} vertex disjoint s-stars with centers Cy ^ V2 and leaves in Ui. We 
move the vertices in Gjj to U2 and the vertices in Cy to Vi. If IV2I < A;(s + t) + s, we choose Vq C Vq 
so that I {V2 U Vb) \V^)\=k{s + t) + s otherwise we set = 0- Then Gi := G[Ui \ Cc/, 14 U U V^] 
satisfies 

\Ui\-\Cu\ = k{s + t) + s,\Vi\ + \V^\ + \Gv\ =k{s + t) + t, 
and G2 ■= G — Gi satisfies 

\U2 U Uo\ + \Cu\ = kis + t) + t, \V2\ + \Vo \ Vol - \Cv\ = k{s + t) + s. 

Thus Gi and G2 can be tiled, which completes the tiling of G. 
Case 1.2. \V2 U Vo\ < k{s + t) + s. 

This implies \Vi\ > k{s + t) + t. So we apply ClaimOto G[Vi, U2] with A = U2 and B = Vi 
to obtain a set of \Vi\ — k{s + t) vertex disjoint s-stars with centers Cy ^ Vi and leaves in U2. 
Likewise we apply Claim [2n to G[Ui, V2] with A = V2 and B = Ui to obtain a set of — k{s + 1) 
vertex s-stars with centers Gu C Ui and leaves in V2. We move the vertices in Gjj to U2 and the 
vertices in Cy to Vz- Then Gi := G[Ui \ Cu, Vi \ Gy] satisfies 

\Ui\-\Cu\=k{s + t),\Vi\-\Cy\ = k{s + t) 

and G2 := G — Gi satisfies 

\U2 U Uo\ + \Gu\ = ik + l){s + t), IV2 U Vol + \Cv\ = (A; + l)(s + t). 
Thus Gi and G2 can be tiled, which completes the tiling of G. 

Case 2. max{|C/i|, IC/2I, 1^21} < k{s + t) + |. Note that this implies \Uo\, \Vo\ > s. 

Case 2.1. max{|i/i|, |i/2|, IV1UV2I} > j (see Definition 12. 4p . Without loss of generality we 
can assume \Ui\ = max{|i/i|, |i/2|, |Vi|i 1^21}- Set h := [t/(2s)]. Since \Ui\ > j and ^^^1/3 > 
{h— l)(s + t), we can apply Claim [2T6l to G[C/i, V2] with c = to obtain a set of {h— l)(s + t) vertex 
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disjoint s-stars with centers Cu C Ui and leaves in V2- We first move the vertices in Cjj from Ui 
to U2- Then since 

t t , t + 2s-l t 1 

— = s — < sh < s = — \- s , 

2 2s - - 2s 2 2' 

we can choose sets Uq C Uq with \Uq\ = k{s + t) + [t/2\ - \Ui\ + sh - [t/2\ and Vq C Vq with 
\V^\ = k{s + t) + [t/2\ - \Vi\+s + \t/2] - sh so that d := G[{Ui U U^) \ Cu, Vi U V^] satisfies 

\Ui\ + \U[^\- \Cu\ = ik-h + l){s + t) + hs,\Vi\ + \Vf^\ = {k-h + l){s + t) + ht, 

and G2 := G — Gi satisfies 

\U2\ + \Uo \ Uo\ + \Cu\ = k{s + t) + ht, \V2\ + |Vo \ Vol = Hs + t) + hs. 

Thus Gi and G2 can be tiled, which completes the tiling of G. 

Case 2.2. max{|f7i|, |f72|, |Vi|, IV2I} < Thus for i = 1, 2, we have 

\Ui\,\Vi\ > 1-q2/^ > -. 

So we may apply Claim 12.81 to obtain the two special copies of Ks^t, and K^. Note that 
\Ui \ V{K^)\, \Vi \ V{K^)\ < k{s + t) for i = 1,2. Let C/^ = C/q \ V{K'^) and = Vo\ V(K^). We 
remove the graphs and K^, then we partition the vertices Uq = Uq U Uq and V^' = Vq^ U Vq so 
that Gi := G[{Ui U U^) \ V{K^), {Vi U V^^) \ V{K^)] satisfies 

\Ui\ - \t/2] +\U^\ = k{s + t),\Vi\ - \t/2]+\V^\=k{s + t) 
and G2 = G - Gi - - satisfies 

\U2\- [t/2\ +\U^\ = k{s + t), IV2I - [t/2\ + l^o^l = k{s + t). 
Thus Gi and G2 can be tiled, so along with and K^, this completes the tiling of G. 

□ 

3 Tightness 

In this section we will prove Proposition 11.71 We will need to use the graphs P{m,p), where 
m,p £N, introduced by Zhao in [7]. 

Lemma 3.1. For allp & N there exists niQ such that for aZZ m G N, m > niQ, there exists a balanced 
bipartite graph, P[m,p), on 2m vertices, so that the following hold: 

(i) P[m,p) is p-regular 

(ii) P[m,p) does not contain a copy o/J^2,2- 

Proof of Proposition [777[ Let G[C/, be a balanced bipartite graph on 2n vertices satisfying the 
following conditions. Let n = {2k + \){s + t) for some sufficiently large k (as determined by Lemma 
O with p = s - I). Partition U into C/ = [/q U f/i U C/2 and partition V into F = Vb U Vi U V2 
where, \Ui\ = l^al = k{s + t) + [^\, \Vi\ = \U2\ = k{s + t) + [^±i] and \Uq\ = |Fo| = s - I. 
Let G[Ui,Vi] be complete for i E {1,2}, G[Ui,V2] = P{k{s + t)+ ,s-l) and G[U2,Vi] ^ 
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P {k{s + t)+ , s - l) . Let G[Uo, V1UV2] be complete, G[Vo, U1UU2] be complete and Gpo, Vq] 

be empty. Note that 



For i £ {1,2} and A G {Ui,Vi}, let := Fg-i H A = Ui and let A^ := U^^i \i A = Vi. We 
call A^ the diagonal set of A. Let A^ := Vi if A = Ui and A^ := C/^ if A = F^. We call A^ the 
non-diagonal set of A. Finally, we let A^^ := Vq A = Ui and A^^ := C/q if ^ = ^i- We call A^ 
the opposite middle set of A. 

Suppose K = Ks,t is a subgraph of G. We say is a crossing Ks,t if ^(-^) H (f/i U Vi) 7^ and 
ViK) n (C/2 U Fa) / 0. Let W = {Ui,U2, ^1, ^2}- 

Claim 3.2. If K is a crossing Kg^t, then 

(i) l^(i^) must intersect some member ofW in exactly one vertex, and 

(ii) there is a unique Aq € {Uq, Vq} such that V{K) n 7^ 0. 
Furthermore, if \ V{K) Ci A\ = 1 for some A G W, then 

(iii) V{K) n / 0, and 

(iv) either \V{K)nA^\ > 2 and V (K) n {A^ )^ = 0, orV{K)r\A^ = and \V{K)n{A^)^\ > 2. 

Proof. (i) Suppose not. Then without loss of generality, suppose that \V{K) n Vi\ > 2. By (fTOj) 
we have, |y(i^)nf/2| < 1 and thus V{K)nU2 = 0. Since K is crossing, we have V{K)nV2 / 
and thus \V{K) n 1/2! > 2. By ([lO]) we have, n C/i| < 1 and thus V{K) n t/i = 0. This 

is a contradiction, since = Ks^t and H C/| < \Uq\ = s — 1. 

(ii) Suppose first that V{K) n J7o = = n Vq. By Claim [312] (i) . we can assume without loss 
of generality that \V{K) n = 1. Then either \V{K) n C/2I = t - 1 or \V{K) n [/2I = s - 1. If 
\V{K) n [/2I = t - 1, then by ([9]) we must have V{K) n 14 = which implies \V{K) D F2I = s, 
contradicting ([9]). If \V{K) n C/2I = s - 1, then since t > 2s + 1 we have \V{K) nVi\ > s + 1 
or n V2I > s + 1, both of which contradict ([9|). Thus there exists Aq G {Uo,Vo} such 
that V{K) n ^0 7^ 0- Finally since G[Uo, Vq] is empty, j4o must be unique. 

(iii) Suppose that V{K) n A = 0. Since \Vo\ = s - 1, we have V{K) n / and since K is 
crossing, we have V{K) n {A^)^ / 0. Then by ([9]), we have n n < 
s-1. Thus \V{K)nU\ < 2s- 1 and |y(is:)ny| < 2s-2, contradicting the fact that K ^ Ks,t 
and t > 2s + 1. 

(iv) We first show that it is not possible for either \V{K) D A'^\ = 1 or \V{K) D = 1. If 
\V{K)nA^\ = 1, then by (HD and \Uo\ = \Vo\ = s-1, we have \V{K)nU\,\V{K)nV\ < 2s-l, 
contradicting the fact that K ^ Ks,t and t > 2s + 1. So suppose \V{K) D {A^)^\ = 1. If 




Finally we reiterate the following properties of G[Ui, V2] and G[U2, Vi]- For i = 1,2, 



A{Ui,V3-i)=A{V,U3-^)=S-l 



(9) 



and 



G[Ui,V3-i] is i^2,2-free. 



(10) 
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V{K) n C/o = 0, then \V{K) nU\ = 2 and since t > 3 we must have s = 2. Then by Q we 
have \ V{K) nV\<3 contradicting the fact that K ^ Ks,t and t > 2s + 1. If V{K) n C/q / 0, 
then V{K) n X^o = 0. So \ V{K) n C/| < s + 1 and by dHD,' \V{K) r\V\ < 2s - 2 contradicting 
the fact that K = Ks,t and t > 2s + 1. 

Now suppose V{K) n A'^ ^ and V{K) n {A'^)^ / 0. Thus, by the previous paragraph we 
have \V{K) n ^^|, \V{K) n > 2, contradicting 

So suppose that V{K) n = = V{K) n (A^)^. Then it must be the case that \V{K) n 
^^7V^j\/| = g_i and consequently \V{K) riA^\ = t, contradicting (P. 

□ 

Let A £ W. We say K is crossing from A if either D A\ = 1 and Pi > 2, or 

|y(Jf) n yl| = 1, \ V{K) n A^l = 1 and V{K) n A^^ 7^ 0. We say that a crossing iT^^t from A is Type 
i if \V{K) n =5-1, nA^\ = t-p and \V{K) n A^l = p for some 2 < p < s - 1. 

We say that a crossing Ks,t from ^ is Type 2 if n (^^)^| =t-l, \V{K) D ^*'^| = s -p, and 

\V{K)nA^\ =p for some 1 < p < s — 1. 



A^ t-p 2<p<s-l s~pl<p<s-l A^ 

(Type 1 crossing Ks,t from A) (Type 2 crossing Ks,t from A) 

Figure 1 

Claim 3.3. Every crossing Kg^ is either Type 1 or Type 2. 

Proof. (See Figure 1) Let X be a crossing Ks.t and without loss of generality suppose K is crossing 
from i7i. Let p := n V2I. By Claim 13.21 (iii) and (f9l) we have 1 < p < s — 1. Suppose i^T is not 

Type 1. If V{K) n C/2 = 0, then \V{K) n [/o| = s - 1 which implies V{K) n Vb = by Claim EJ (ii) . 
Since K is not Type 1, it must be the case that |y(-ftr)nV2| = 1 and |y(-fC)n¥L| = t— 1 in which case 
K is not crossing from C/i, contradicting our assumption. So we suppose that V{K) n C/2 7^ 0- By 
Claim[32](iv) we have \V{K)f^U2\ > 2 and V{K)r\Vi = 0, which implies that \ V{K)r\VQ\ = s-p. 
So by Claim (ii), we have V{K) n C/q = and thus \V{K) n U2\ = t - I, so K is Type 2. 

□ 

Suppose for a contradiction that G can be tiled with Ks^t- Let be a tiling of G which minimizes 
the number of crossing Ks/s. 

Claim 3.4. For i = 1,2, if there is a crossing Kg^t of Type 2 from Ui or Vi, then there is no 
crossing Ks^t of Type 2 from U-s-i or Vs.j. 

Proof. Without loss of generality suppose is a crossing Kg^t of Type 2 from Ui. Suppose that 
is a crossing Kg^t of Type 2 from U2 (See Figure 2). For i G {1, 2}, let 

Ki := G[Ui n {V{K') U V{K^)),V{K^~') n {Vo U V,)]. 
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Ui , ^ Ih Ui ^ ^ U2 

t-l qi s- qi 
qi s- qi 

-& ^ — — & 



V\ s-pi pi V2 Vi t - 1 s - pi pi V2 

Figure 2: Two cases in the proof of Claim [331 



We have Kl ^ Ks,t = neither of Kl,K^ are crossing, and V{K^) U V{K^) = V{Kl) U V{K^). 
Thus we obtain a tihng with fewer crossing Ks/s, contradicting the minimality of J-. 

Now, suppose is a crossing Ks^t of Type 2 from Ui and is a crossing Ks^t of Type 2 from 
V2 (See Figure 2). Specify an element E J", such that C C/i U Vi and |y(-Li) n Vi| = i 

and specify an element G T, such that F(L^) C [/2 U V2 and |V^(L^) n J72| = t. Choose arbitrary 
vertices v' G V{K^) n Vq and u' G n Uq. We now define four subgraphs of G. Let 

: = G[V{L') n Fi, {V{K') U n ((C/i U Uo) \ M)], 

Li : = G[V{L^) n [/i, {V{K^) n Fi) U {^;'}], 

K^, : = G[V{L^) n U2, {V{K^) U ^(K^)) n ((^2 U Fo) \ {^^'})], and 

Ll : = G[y(L2) n Fi, n c/2) u {u']]. 

All of A'^, K1, L\, LI are isomorphic to Ks^t^ none of AT^, K'^, L\,L1 are crossing, and V{KI) U 
u y(Li) U V{Ll) = V{K^) U V{K'^) U V(Li) U 1/(^2). Thus we obtain a tiling with fewer 
crossing Kg^ts, contradicting the minimality of T. □ 

For i G {1,2}, let J^i be the set of all copies of Ks^t in ^ which touch C/j U V^. And let [// 
(resp. V^*) be all the vertices in U (resp. V) which touch elements of Precisely, let Ti = {K G 
F : V{K) n {Ui U Vi) / 0} for i = 1, 2, and let 

U* = {UKeT.V{K))nU and V* = {UKe^^V{K)) nV. 

Note that Ui C [/* and Vi '^V*. We will use the following claim to show that all of the remaining 
possible configurations of crossing Ks^t's lead to contradictions. 

Claim 3.5. For all i G {1, 2}, either 

ma^{\U*l\V*\}>k{s + t) + 2t or min{|t/*|, |V;*|} > (A; + l)(s + t). 
Proof. Suppose that max{|C/*|, \V*\] < k{s + t) + 2t. Then since Ui C U* and Vi C V* , we have 

k{s + t) + s< \U*\,\V*\ < k{s + t) + 2t, (11) 

and thus 

- 1^^*11 < 2t- s. (12) 

By definition G[U* , V*] can be tiled, thus there exists nonnegative integers i, a, b such that \U*\ = 
i{s + t) + as + bt and |^*| = ^(s + t) + at + bs. By choosing £ to be maximal, we have a = or 
6 = 0. If^<A; — 1, then in order to satisfy the lower bound in (|lip we must have a > 3 or 6 > 3. 
Since o = or 6 = 0, we have ||^7*| — |^*|| > 3i — 3s > 2t — s, which contradicts ()12p . i = k, 
then in order to satisfy the lower bound in (llip . we must have a > 2 or 6 > 2, but then we violate 
the upper bound. So ^ > A; + 1 and we have min{|C/j*|, \ V*\} > {k + l){s + t) . □ 
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We will also use the following facts. For i = 1, 2, we have 

\Vi U Vq\ + s, U C/oI + s < k{s + t) + + 2s -l<{k + l){s + t). (13) 
which in particular implies 

\V,UVo\ + t,\UiUUo\ + t < k{s + t)+2t. (14) 



t-q q 



Vi t — p p V2 Vi t — p p V2 

(Case 1.0) (Case 1.1. i) 

Ul ^_zi U2 Ui , , U2 

— • c s — • c t> cilli::^ 

q t — q t — 1 

s-1 s-qi qi 

^ ^3 TT TT 



Vi t-p p V2 Vi t-p p V2 

(Case l.l.ii) (Case 1.2.i) 

Ul ^ U2 

t- 1 

qi s- qi 



Vi t - p p V2 

(Case 1.2.ii) 

Figure 3: Case 1 

Let i € {1,2} and let Xi = {K £ T : K is crossing from Ui and K is Type 2} and Yi = {K € 
T : K is crossing from Vi and K is Type 2}. Since \Uo\ = \ Vo\ = s — 1, Claim [3?2] (ii) implies, 

0<\Xi\,\Yi\<s-l. (15) 

Case 0. There are no crossing Ks,ts. So \Ul\ < \Ui U Uo\ and < l^i U Vb|. Then by ([13]) we 
have I, |V^i*| < {k + l){s + t), contradicting Claim [331 

Case 1. There is a crossing Kg^t of Type 1. Without loss of generality, suppose is a crossing 
Kg^t of Type 1 from Ui and let 7? := |y(i^^) Pi V2|- Since Uq \ V{K^) = 0, there can be no other 
crossing Kg^s of Type 1 from Ui or U2 and no crossing Kg^s of Type 2 from Vi or V2. By Claim 
13.31 we must only consider five subcases: 

Case 1.0. is the only crossing K^^t. So \Ui \ < \UiUUo\ and {V^l < \ViUVo\+p < \ViUVo\+s. 
Then by ([El) we have \Ul\,\V{\ < {k + i)(s + 1), contradicting Claim [331 

Case 1.1. i. There is a crossing Kg t of Type 1 from Vi. Let be a crossing Kg^t from Vi 
and let g := \V{K^) D C/2I. Since Vq \ V{K^) = 0, K'^ and are the only crossing Kg/s. So 
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< U C/ol + g < U C/ol + s and \V{\ < \Vi UVo\+p< \Vi U Vo\ + s. Then by 1^ we have, 
\U^\,\V{\ < {k + l){s + t), contradicting Claim [331 

Case 1.1. ii. There is a crossing Ks,t of Type 1 from V2. Let be a crossing Kg^t from V2 
and let q := n Ui\. Since Vb \ = 0, and are the only crossing Ks/s. So 

1^1*1 < 1^1 U Vol + P + 1 < 1^1 U l/ol + s and |C/f | < U [/o| + t - g < U Uo\ + t. Then by 1^ 
and ([Ml) we have \ V{\ < {k + l){s + 1) and \Ui \ < k{s + t) + 2t, contradicting Claim [Ml 

Case 1.2.i. 1 < \Xi\. By Claim [331 since there exists a crossing Kg^t of Type 2 from C/i, there 
can be no crossing Kg/s of Type 2 from f/2. So |f/|| < |?72 U C/qI + l-'^il + 1 < \U2 U C/o| + s and 
1^2*1 <\V2^Vo\+t-p< \V2 U Vol + Then by 1^ and ([HD we have \U^\ < {k + l){s + and 
1^2*1 < k{s + t) + 2t, contradicting Claim [331 

Case 1.2.ii. 1 < \X2\. By Claim [37il since there exists a crossing Kg^t of Type 2 from J725 then 
there can be no crossing Kg^ts of Type 2 from C/i. So \U^\ < \Ui U Uo\ + \X2\ < \Ui LlUo\ + s and 
\V{\ <\ViUVo\+p < \Vi U Vol + s- Then by ([ED we have |, IV^/I < {k + l)(s + 1), contradicting 
Claim [isi 

[A . IZi . ^ (Z2 

s - 91 91 



Vi s - Pi Pi V2 Vi 

Figure 4: Case 2 

Case 2. There are no crossing Kg^ts of Type 1. By Claim [3^ there can only be crossing Kg^ts 
of Type 2. Without loss of generality suppose that 1 < |^i|. Then there can be no crossing Kg^t 
of Type 2 from U2 or V2. So \U^\ < \U2 U Uo\ + |^i| < lf/2 U C/o| + s and 1^2*1 < 1^2 U Vo\ + \Yi\ < 
IV2 U Vbl + s. Then by ([ISD we have \U^\,\V^\ < {k + l)(s + t), contradicting Claim [331 

□ 
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